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Approximate analytical  express ions  are  obtained herein for the power and weak-signal  gain coeffi-  
cient of a gasdynamic l ase r  under more general  assumptions than have been used ear l ier .  Thus, the follow- 
ing assumptions were made in [1] to obtain a simple theoret ical  es t imate  of the weak-signal  gain coefficient: 
the population of the third  CO 2 mode is constant everywhere  in the gas s t r eam and equal to the population in 
the nozzle throat ,  and the population of the other two CO 2 modes is in equil ibrium with t ranslat ional  motion. 
Approximately the same resul ts  have been obtained in [2], but as a resul t  of an assumption about an Infinite- 
ly high rate of gas cooling in the nozzle as compared  with the vibrat ional  relaxation rate. Hence [2] pe r -  
mits finding the domain of applicability of the resul ts  obtained in [1], which tu rns  out to be bounded with 
respec t  to low stagnation t empera tu re  and p ressure .  

A s imi la r i ty  law for the gain coefficient of a gasdynamic l ase r  in the domain of comparat ively  high 
stagnation p r e s s u r e s  has been proposed in [3]~ The solution of a model Froblem oft vibrat ional  relaxation 
with constant react ion ra tes  permi t ted  the s imi lar i ty  law to be obtained only to the accuracy  of an unknown 
function of the stagnation tempera ture ,  the adiabatic gas index, and the nozzle configuration. A numerical  
analysis  of the sys tem of kinetic and gasdynamic equations for the nozzle [4-6] is needed to determine this 
function. 

The domain of applicability of the resul ts  obtained [1-3] is bounded substantially because of neglect-  
ing the change in vibrat ional  relaxation rate along the nozzle: thus,an upper bound to the stagnation p a r a m -  
eters  is requi red  in [1, 2], and the nozzle configuration, gas stagnation tempera ture ,  and adiabatic index 
are fixed in [3]. 

It is proposed to obtain analytic express ions  herein  for  the dependences of the power and gain coef-  
ficient of a gasdynamic l ase r  on the nozzle shape and size, and also, by taking account of the time depend- 
ences of the kinetic equation coefficients,  the gas stagnation pa rame te r s  and composit ion which would be 
valid in a broad range of var ia t ion of these pa rame te r s .  

Let us take the ord inary  assumptions used in numerica l  computations [4-6]: there  exist vibrational  
t empera tu res  T i of the individual mixture modes (the subscript  i=1,  2, 3 r e fe r s  to the CO 2 modes, and i =4, 
to nitrogen), the rotational and translat ional  t empera tu res  equal T, the gasdynamic flow is quas i -one-  
dimensional,  and viscosi ty  and heat conduction effects are  neglected. Moreover,  we take two more barely  
essent ial  assumptions:  the charac te r i s t i c  t empera tu re  of the third  CO 2 mode equals the charac te r i s t i c  
t empera ture  of the fourth mode, i.e., of the nitrogen 03 = 04, the rate of exchange between the f i rs t  and 
second CO 2 modes is g rea te r  than the gas cooling rate,  i.e., YI= Y22exp(-78/T) ~ y22, where Yl = e x p ( - 0 i /  
Ti) is a quantity governing the population of the mode i, and 01 is the charac te r i s t i c  t empera tu re  of the 
mode L This assumption is used in [3, 6], and it is shown in [5] that it is sat isf ied to a high degree of 
accuracy  even at low p re s su re s .  

And, finally, the main assumption is the following: The t ime dependence of the gasdynamic quantities 
in the kinetic equation coefficients can be approximated by a dependence for a gas flow with a constant 
adiabatic index 7 �9 Indeed, the data presented  in [6] permit  the asser t ion  that the accuracy  of the popula- 
tion inversion calculation is within • 25% l imits  when this la t ter  assumption is used. The e r r o r  in the 
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c o m p u t a t i o n  w i l l  be l o w e r ,  the  s m a l l e r  the  i n i t i a l  s t o r e  of  v i b r a t i o n a l  e n e r g y ,  i . e . ,  the  l o w e r  the  s t a g n a t i o n  
t e m p e r a t u r e  and the  h i g h e r  the  r e l a t i v e  c o n c e n t r a t i o n s  of  h e l i u m  ~'3 and  n i t r o g e n  ~2. 

Us ing  the  a b o v e - m e n t i o n e d  a s s u m p t i o n s ,  we obta in  the  s y s t e m  

dY2 / dX~ = A ~  (Y2 - -  X~) - -  mA3,  (Ya - -  Y2ax(axa)"  (1) 

dY~ / dX  3 = A3~ (Y3 - -  y~3X(~Xa) A3~ (Y~ - -  X3) (2) 

d Y ,  / dX4 = A41(Y4 - -  X4) - -  rA3~ (Y3 - -  Y~) (3) 

w h e r e  the  fo l lowing  no ta t ion  has  been  i n t r o d u c e d :  X 1 a r e  e q u i l i b r i u m  v a l u e s  of  Yi: 

X i = exp ( - -  0~ / T), A~ = N,W~iR~H-~X~ -~ 
3 

W~ = 0.50~ -~ ~ P2~ ~ F~z~U~ ~ / C 
a ~ l  

3 

W3~ = 03 -~ ~ Pat :'F~:~IU~ 1 / C 

3 

~/V41 = 04-1 2 D41a~'~5:~2Ua2 / C 

W32  ~--- 03-1P322~IY2G21U21 / C 

N ,  is  the va lue  of  the  gas  d e n s i t y  in the nozz le  t h r o a t ,  ~za is  the  r e l a t i v e  c o n c e n t r a t i o n  of the  s u b s t a n c e  
(the s u b s c r i p t  ~ t a k e s  on the  v a l u e s  1, 2, 3, deno t ing  c a r b o n  d iox ide  gas ,  n i t r ogen ,  and  he l ium,  r e s p e c -  

t i ve ly ) ,  ( ; 1  is  the  c o l l i s i o n  c r o s s  s e c t i o n  b e t w e e n  the  CO 2 and ~ m o l e c u l e s  a c c o r d i n g  to  the  da ta  in [7], 
a 2 is  the  c o l l i s i o n  c r o s s  s e c t i o n  be tween  the N 2 and (~ m o l e c u l e s  a c c o r d i n g  to [7], Ua 1 is  the  mean  r e l a -  
t i ve  v e l o c i t y  of  the  m o l e c u l e s  ~ and  CO2, U~ 2 i s  the  mean  r e l a t i v e  v e l o c i t y  of t he  m o l e c u l e s  a and  N2, 
C i s  the  s p e e d  o f  sound,  and  P i l  ~ (P322) a r e  t he  p r o b a b i l i t i e s  of  the  c o r r e s p o n d i n g  v i b r a t i o n a l  t r a n s i t i o n s  
fo r  a s ing le  c o l l i s i o n  with  the  m o l e c u l e  a (N2). In c o n f o r m i t y  wi th  [5, 7], the  fo l lowing  v a l u e s  a r e  t a k e n  h e r e :  

P~** = 450T-'/~ exp (--~tt0T-'~ -[- 100T-q~) 
P~I * = 3.0P~1', P2, 3 = tOT-'/'- exp (--  50T-'/~) 
P311 = 2.5 exp (--  80T-'/, -4- 60T-'~), P312 = 0.4P311 
P313 = 0.t6P311, P41 ~ ---- t.4-105 exp (- -  280T-'/~) 
P320" = 4"10-9 ( t 1 0 0  - -  T) 2 ~- 6 - 1 0  -4 

R21 = ( t  - -  Y2) ~ (1 - -  Y2 ~) (t  - -  Y3) [1 + 2Y2 (1 + y~)-2]-1 
Ral --  (t - -  y~)2 (1 - -  y2)  (i - -  Y3) 3, R41 = (t - -  y,)a 
Ra~ = (1 - -  Y~)~ ( 1 - -  Y22) (t - -  Ya) a (t - -  Y,) 

m ---- 5.25 (t - -  Y2) ~ (1 - -  Y3) -~ [t + 2Y~ (1 + Y~)-~]-I exp ( - -  2420. T -1) 

r = ~/flltf,~ -1 ( l  - -  r 4 )  2 ( ]  - -  r 3 )  -2 

dS [l + 2~ (t -- t)l 
H : - -  

d l  S ,  (1 - -  t) t '/' T k  (1 ~- 2k) 

w h e r e  S = S  ([) i s  the  nozz le  s e c t i o n  at  a d i s t a n c e  I f r o m  the  t h r o a t ,  S .  i s  the  n o z z l e  s e c t i o n  in the  t h r o a t ,  
T ,  i s  the  t r a n s l a t i o n a l  t e m p e r a t u r e  in the  t h r o a t ,  and  t = T / T  , ,  k = (T - 1)-1, 7 i s  the  m i x t u r e  a d i a b a t i c  index.  

Le t  us  a s s u m e  the  d o m a i n  of " f r e e z i n g "  of  the  t h i r d  and  the  two o t h e r  CO 2 m o d e s  to be s e p a r a t e d ,  
then  Y3-Y23X2-3X3 -~ Y3-X3- It is  shown be low tha t  t h i s  is  a c t u a l l y  so  in the  i n t e r e s t i n g  c a s e s  f r o m  the  v i e w -  
po in t  of  ob t a in ing  popu la t i on  i n v e r s i o n s .  

C o n s i d e r i n g  the  s y s t e m  (1)-(3),  l e t  us  note tha t  the  c o e f f i c i e n t s  A depend  s t r o n g l y  on X so tha t  AX>>I 
in the  nozz le  t h r o a t ,  wh i l e  AX << 1 a t  the  end  of  the  nozz l e ,  i . e . ,  the  gas  coo l ing  r a t e  is  i n i t i a l l y  l e s s  than  the  
v i b r a t i o n a l  r e l a x a t i o n  r a t e ,  and  then  the  p i c t u r e  r e v e r s e s .  A s s u m i n g  d Y / d X  ~ Y/X (a s i m i l a r  a s s u m p t i o n  
w a s  u s e d  in [8]), the  so lu t i on  of the  s y s t e m  can  be found in both  the  l i m i t  c a s e s  AX <> 1. F i n a l l y ,  by  m e r g i n g  
the  so lu t ions  at  the po in t  X + w h e r e  A X + = I ,  we ob ta in  the  f r o z e n  v a l u e s  of  Y+. The in i t i a l  cond i t i ons  do not 
in f luence  Y+ if  the  condi t ion  AX >>1. 

The s p e c i f i c  r e s u l t s  a r e  the  fo l lowing .  

1 ~ The  t o t a l  r a t e  of  v i b r a t i o n a l  r e l a x a t i o n  of N 2 and  the  t h i r d  CO 2 mode is  d e t e r m i n e d  by  the  t r a n s i -  
(X3a 1) w h e r e  X~31 i s  de f ined  a s  the  r o o t  of  the  equa t ion  X3A31(X 3) =1,  then  t ion  A31 , i . e . ,  l e t  A31 (X+231) < rA32 + 
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The express ion in the square brackets  here and in (5), (6) is taken at the points indicated at the 
brackets .  

2 ~ The t ransi t ion A32 is the l imiting transi t ion.  Let 

X § * .+ X + + rAa2(X~e) < A~l(X36), A , I (  33~) < rA3(X3~), X 3,2 < 881 < X3~ 

where X~31 has been defined above, X++332 and X+~2 are,  respect ively,  the smal le r  and l a rge r  roots of the 
equation X3rA3:(X 3) -1 .  In this ease 

L] 
Aa~zt3~32 

~Y~+~<.  r:-77~ + ~(r--l)~l~] ~ +  ,.A~; JX~=X;,o (5) 

In both the above-mentioned cases,  we obtain for the frozen vatue of Y+: 

Y~+ ---- [2A~ -1 (t + mA a,Y3+)] x..=x,+ (6) 

where X2+ is defined by the equation X2A21 (X2) = i. 

Let us note the following important circumstance: The frozen population of the first and second CO 2 
modes YI +=(5(2+) 2 can be made arbitrarily small because of selecting the nozzle shape S, -I dS/dl below 
the section where the third CO 2 mode is frozen (X 3 ~ X3 +) if the inequality W21R21 >> W31R31 is satisfied in 
this region of the nozzle. For this, 30-40% of helium in the mixture turns out to be sufficient according to 
the values taken for the probabilities of the processes. The assumption about separation of the freezing 
domains of the third and the other two CO 2 modes is thereby supported. 

Taking account of the above relative to the populations of the first and second CO 2 modes, let us con- 
sider the maximum power P which can be extracted from the gas mixture in the form of coherent radiation 
to be determined by the power stored in the third CO 2 mode and in the nitrogen, i.e., 

P = h (vs - -  ,v~) S , U , N ,  [T~Y3 + (I -- Ys+) -~ + ~r2Y,+ (t - -  Y4+)-11 (7) 

where h (v3-vl )  is the radiation quantum energy,  and S , U , N ,  is the gas discharge.  

Optimal conditions to achieve maximum power can be mentioned by analyzing (4), (5), (7) (and con- 
s idering S =S (l), T , ,  X3 +, q l ,  'I'1 +~I'2 the independent variables) .  

1. The angle/3 between the axis and the genera t r ix  of an ax i symmet r ie  nozzle, or  half the angle be-  
tween the planes of a wedge nozzle should be selected as great  as possible since P ~ tan/? (that par t  of the 
nozzle where the third  CO 2 mode is frozen, i.e., X 3 ~X3+ is kept in mind). 

2. Since P ~ $1/2 for an ax i symmet r ic  nozzle, then severa l  ra ther  than one nozzle should be used for 
a fixed total cr i t ical  section (in conformity with the recommendat ions  in [4]), by simultaneously increas ing 
the density in the cr i t ical  section in proport ion to S,~/2 (then all the remaining pa rame te r s  will become 
invariant,  par t icu lar ly  the Reynolds number). The power is proport ionaI  to the width for a wedge nozzle. 

3. The cr i t ica l  t empera tu re  should be selected as high as possible since P ~ T 1 +k/2 for an axi-  
symmet r i c  and P ~ T ,  for  a wedge nozzle. Only the dissociation p rocess  sets the upper bound for  T . .  

4. The power depends on the total relat ive concentrat ions of CO 2 and N 2 not more s t rongly than 
P ~ qQ +~2- The quantity ~l  +~I, 2 is l imited by the relat ive He concentration requi red  for effective deact iva-  
tion of the f i rs t  and second CO 2 modes (qQ +,I~ 2 -< 0.7). 

+ 1 ~ 5. The dependence of P on x331 for  exhibits a shallow maximum in the neighborhood of X+31 =2 �9 
10 -2 and 2 ~ 10 -1 for the ax i symmet r ic  and wedge nozzles,  respectively.  

6. In case 1 ~ the optimal value is r =A3I (X+al)/A32 + - (X331), P ~ , I q - l .  

Now, let us consider  the weak-signal  gain coefficient of a gasdynamic l a se r  g. Let us note that the 
gain coefficient is not o f g r e a t e s t i n t e r e s t  so much as the optical thickness at the nozzle width gd defined by 
the equality 

A I / I =  exp(gd)- -  t 
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where AI/I is the relative increase in the light intensity during passage through a layer of optically active 
medium of thickness d equal to the nozzle width. 

It turns out that both the optical thickness gd and the gain coefficient as a function of the distance 
along the nozzle reach a maximum at the point where the density drops to the value N o ~2 �9 10 I~ cm -3 (i.e., 
where the Lorentz line shape is replaced by the Doppler shape). Here g is to be understood as the gain 
coefficient at the center of the vibrational-rotational line, where the rotational quantum numberJ is selected 
optimal at the given temperature. The deduction presented above is valid if the freezing of the first and 
second CO 2 modes terminates earlier than the gas density drops to the value N O -~ 2 " 1017 em -3. This can 
always be achieved by increasing the gas density N, and diminishing the radius of the critical section of 
the axisymmetric nozzle or the height of the wedge nozzle in proportion to N,-I,  where all the remaining 
parameters remain unchanged. 

The maximum gain coefficient max g and the maximum value of light amplification over the width of 
an axisymmetric nozzle max gd are determined by the formulas 

max g -~_ aT1 (Y3 + -- YI +) (I -- YI+) (I -- Y~+)~ (i -- Y3 +) [T (N0)l -~ (8) 

2alF1 (Ya + - -  Y1 +) (1 - -  YI+) (] - -  y~+)2 (~ _ y3+) S.12 (9) 
max gd~- 2/2T(Nc)[t(No)]~ 2[t~_2k_2kt(No)]l<4 

where  a =3" 102, cm -1 deg. 

By analyzing (4), (5), (8), (9) [and consider ing S=S (/), T , ,  X3 +, ~ l , ( ~ l +  ~2) the independen tvar iab les ] ,  
we obtain the following conditions for  achieving the max imum gain in the nozzle width. 

1. The angle fl should be se lec ted  as la rge  as poss ib le  since max gd ~ (tan fi)l/2+l/k, max g ~ (tan" 
p),/k. 

2. For  an a x i s y m m e t r i c  nozzle max gd ~ S (k'2)/4 k. Hence, severa l ,  r a t he r  than one, a x i s y m m e t r i c  
nozzles  should be used  for a fixed total  c r i t ica l  section.  The width d in a wedge nozzle should be increased ,  
and the height at the c r i t i ca l  sect ion h ,  should be diminished since (max g) d ~ dh-1/k. 

3. For  an a x i s y m m e t r i c  nozzle T .  should be se lec ted  as high as poss ib le  since gd ~ T (k2-k+2)/4 k 
F o r  a wedge nozzle the max imum gain is achieved at a t e m p e r a t u r e  de te rmined  by the express ion  

T,  ----- ~ 0a / In Xa + 

(i.e.,  f reez ing  of the th i rd  CO 2 mode should occur  in the nozzle throat) .  

4. The condition to achieve m a x i m u m  power  co r r e sponds  to See. 4. 

5. The opt imal  value for  a wedge nozzle is X+31 =3-  10 -1 for  1 ~ while for  an a x i s y m m e t r i c  nozzle 
X~31 should be se lec ted  as la rge  as poss ib le  by taking into account that the dissocia t ion p r o c e s s  se ts  the 
upper  bound for  X~3 I. The m ax i m um  in the dependence of the optical  th ickness  on X+3I is ba re ly  defined 

(shallow). 
+ + 

6. The opt imal  value for  an a x i s y m m e t r i c  nozzle in 1 ~ is r =A31 (X 331)/A~2 (X 331), while the opt imal  

value of r f o r  a wedge nozzle is infinite (~2 =0). 

7. We obtain the following resu l t  by compar ing  the eff ic iency of a wedge and a number  of a x i s y m -  
me t r i c  nozzles .  Fo r  the fixed p a r a m e t e r s  z S . ,  tan fi, T , ,  X3 +, 91 +~2,  N ,  ( z S .  is the to ta l  c r i t i ca l  s e c -  
tion), t h e ' r a t i o  between the maximal  optical  t h i cknesses  of the wedge and a number  of a x i s y m m e t r i c  nozzles  

is given by the express ion  
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0.5n [--  T (No) In Xs + 1 03]~/2 

The es t ima te  obtained above for  the power  and gain coefficient  was ve r i f i ed  by a numer ica l  computa-  
t ion publ ished in [5]. The r e su l t s  of  the compar i son  a re  p r e sen t ed  in the graphs.  The solid l ines in Fig. 1 
r e p r e s e n t  the dependence of the rat io  between the t r ans la t iona l  t e m p e r a t u r e  computed analyt ica l ly  (for k = 
2.5, 3) and the t e m p e r a t u r e  computed numer i ca l l y  T a / T  n on the logar i thm of the re la t ive  nozzle c r o s s  s e c -  
t ion In S / S , ,  and the dashes  a r e  the dependence of the ra t io  between the densi t ies  computed analyt ica l ly  
(k=2.5,  3) and numer i ca l ly  N a / N  n on the s ame  a rgument .  The mixture  composi t ion is 10% CO 2 +90% N2, 
the t e m p e r a t u r e  in the c r i t i ca l  sect ion is T ,  =1290~ and the densi ty  is  N,  =4 �9 l0 is cm -3. F igure  2 p r e sen t s  
the dependence of the difference Y3+-Y1 + computed analyt ica l ly  for  k=2  (curve 1) and numer ica l ly  (curve 
2) on the t e m p e r a t u r e  in the c r i t i ca l  sect ion,  where  the density v a r i e s  negligibly, and the mix ture  compos i -  
t ion is: (N,  ~4  " 101~ cm -3) 10% CO 2 +40% N 2 +50% He. 

The r e su l t s  p r e sen t ed  pe rm i t  the a s s e r t i o n  that  the a c c u r a c y  of the analyt ical  computat ion is within 
15% l imi t s  in the t e m p e r a t u r e ,  within 4% in the density,  within 15% in the population intensity.  

In pr inciple ,  the r e su l t s  obtained a r e  a lso  appl icable  to o ther  s y s t e m s  bes ides  CO 2 +N 2 +He. 

In conclusion, the author  is gra teful  to N. A. Generalov for  d iscuss ing the r e s e a r c h  and for  useful  
r e m a r k s ,  and to I. K. Selezneva for additional ma te r i a l  on the numer ica l  computat ion.  
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